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FUNCTIONAL EQUATIONS FOR ORBIFOLD WREATH 

PRODUCTS 

CARLA FARSI AND CHRISTOPHER SEATON 



o. 

Cn , Abstract. We present generating functions for extensions of multiplicative 

^ ■ invariants of wreath symmetric products of orbifolds presented as the quotient 

fli ' by the locally free action of a compact, connected Lie group in terms of orb- 

r^^ , ifold sector decompositions. Particularly interesting instances of these product 

■ formulas occur for the Euler and Euler-Satake characteristics. This general- 

Cn ■ izes results known for global quotients by finite groups to all closed, effective 

' orbifolds. 

< 

1-C ■ 1. Introduction 

In |17) and |18| , Tamanoi introduced a number of orbifold invariants for gfobal 
quotients, i.e. orbifolds given by the quotient of a manifold by a finite group, 
generalizing the orbifold Euler characteristics of |2 and [3 . The basic idea behind 
fT^ ■ these invariants is to apply a multiplicative orbifold invariant ip, e.g. the Euler- 

^ I Satake characteristic (see [B]), to a sector decomposition of the orbifold, yielding 

an extension of this invariant. Tamanoi introduced sector decompositions of global 
quotients associated to an arbitrary group F, a F-set X, and a finite covering space 
S' — )► E of a connected manifold E. See also [19] for connections between these 
extensions and the orbifold elliptic genus. 

In [6], for a finitely generated discrete group F, the authors introduced the F- 
^j) I sectors associated to a Lie groupoid Q, which generalized Tamanoi's F-sector de- 

composition to the case of an arbitrary orbifold. The relationship between this 
construction, quotient presentations of orbifolds, and generalized loop spaces for 
orbifolds was studied in [7]. In [S], this relationship was used to extend Tamanoi's 
generating functions for the extension by free abelian groups of the Euler and 
Euler-Satake characteristics of wreath symmetric product orbifolds to the case of 
orbifolds presented by the quotient of a closed manifold by the locally free action 
of a compact, connected Lie group. Note that this includes the case of all closed, 
effective orbifolds by [TOJ Theorem 2.19]. 

In this paper, we extend Tamanoi's generating functional equations for the F- 
extensions of multiplicative invariants to the case of quotients by compact, con- 
nected Lie groups acting locally freely; see Theorem 13. 31 For specific multiplicative 
invariants (p, these formulas relate the values of an extension of (p on the wreath 
symmetric products MG{Sn) — M" xi G(5„) to the value of an extension of (p 
on M X G; see Theorems 13.51 and 13.61 This generalization requires the extension 
of the sector decompositions associated to F-sets to this case. In addition, we 
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2 CARLA FARSI AND CHRISTOPHER SEATON 

adapt results of Dress and Miiller [5] for decomposable functors to demonstrate 
a relationship between the F-extension of the Euler-Satake characteristic and the 
(r/i/)-extensions for global quotient orbifolds, see Theorem 14. 2 1 

The outline of this paper is as follows. In Section [2l we collect background ma- 
terial on iiT-G-bundles for groups K and G and review the classifications given 
in [14], [15], and [TF. In Section [3l we extend Tamanoi's generating functions for 
F-extensions of multiplicative invariants of wreath symmetric products to orbifolds 
presented as quotients by compact, connected Lie groups acting locally freely; see 
Theorem 13.31 We apply these results to the Euler and Euler-Satake characteris- 
tics in Subsection 13.21 resulting in generating functions for these invariants given 
in Theorems 13.51 and 13.61 We then study extensions of invariants associated to 
arbitrary finite F-sets. In SectionlU we prove Theorem 14.21 which demonstrates for 
global quotients a relationship between extensions of the Euler-Satake characteris- 
tic associated to a group F and those associated to transitive F-sets using a formal 
functorial functional equation of Dress and Miiller 5 for decomposable functors. 

By a quotient orbifold, we mean an orbifold that admits a presentation as a 
translation groupoid M xi G where M is a smooth manifold and G is a Lie group 
acting locally freely in such a way that M xi G is Morita equivalent to an orbifold 
groupoid, see [I]. For brevity, we refer to Af xi G as a cc-presentation when in 
addition G is compact and connected and M is closed. Note in particular that only 
closed orbifolds admit cc-presentations. All manifolds, orbifolds, and group actions 
are assumed smooth. Unless stated otherwise, we will always use M to denote 
a smooth, closed manifold, G to denote a compact Lie group, and F to denote a 
finitely generated discrete group. 

2. Classification of /C-G-Bundles, Crossed Products, and Wreath 

Products 

In this section, we collect results on iC-G-bundles. We assume that G is a 
compact Lie group and K is a topological group. 

Definition 2.1 ([10], [14], ^E\)- Let X be a topological space. 

(i) A K-G-hnnd\e over AT is a locally trivial G-bundle p: P ^ X with left 

_ftr-actions on P and X such that the projection map p is iiT-equivariant. 
(ii) A i^-G-principal bundle over A is a locally trivial principal G-bundle 
p: P —>■ X that is also a _?sr-G-bundle such that 

7(65) = (76)5 'ij e K,e€ P,g eG. 

In particular, as P is a principal G-bundle, G acts on P on the right. 

Morphisms of ii'-G-bundles and if-G-principal bundles are bundle morphisms, 
respectively principal bundle morphisms, that are JC-equivariant. For a given K- 
G-bundle or A'-G-principal bundle P, we let Aut^_Q denote its automorphism 
group. A ii'-G-bundle or X-G-principal bundle is trivial when it is a product. 
We refer to a iiT-G-bundle P as a K -irreducible G-bundle when the iiT-action on 
X is transitive; similarly, a K -irreducible G -principal bundle is a iiT-G-principal 
bundle where K acts transitively on X. 

By the associated principal bundle construction, every X-G-bundle over X in- 
duces a ii'-G-principal bundle over X. When K and G are compact Lie and X is 
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completely regular, every i^-G-bundle over X is locally trivial by \\A^ Corollary 
1.5]. The same holds true if the bundle is smooth 14, Corollary 1.6]. 

As is noted by Tamanoi in P^, pg. 811], wreath products occur as the automor- 
phism groups of G-bundles over finite sets. In particular, we have the following 
generalization of [181 Lemma 3-3] . 

Proposition 2.2. The automorphism group of the trivial G~hundle X x G ^>- X 
over a discrete space X is equal to Map{X, G) x: K , where K is the permutation 
group of X and the K -action is given by 

kf{x) = f{k-\). 

Proof. By [121 Chapter 5, Theorem 1.1], automorphisms of X x G as a principal 
G-bundle that restrict to the identity on X are given by MapciX x G,G) = 
Map{X, G); this correspondence is clearly a group isomorphism. Then it is easy to 
see that every general automorphism is determined by an element of Map{X, G) 
and a homeomorphism oi X. D 

Remark 2.3. In the case X = n = {l,2,...,n}, K is the symmetric group iS„ 
and we obtain the standard wreath product G(iS„); see [TSl Lemma 3-3]. That is, 
G{Sn) is the semidirect product of G" by the action of 5„ by permuting factors, so 
that the operation is given by 

{{gii ■ ■ • ,5n): S){{hi, ..., hn), t) = ((^l/l^-i (1) , • ■ ■ , gnh^-i (n)), st) 

for {gi, . . . ,5„), {hi, . . . ,/i„) e G" and s,t G 5„. 

The -fC-G-principal bundles over a finite set X of order n are necessarily trivial, 
and are classified by conjugacy classes of homomorphisms 9: K ^ G{Sn). Sim- 
ilarly, the if -irreducible G-principal bundles over X are classified by conjugacy 
classes of homomorphisms, as explained by the following. 

Theorem 2.4 ([18 ). Let K and G he any groups, and let X he a finite set of order 
n. 

(i) There is a hijective correspondence between the sets 

{isomorphism classes of K -G-principal bundles over X } 

and 

HOM{K,G{S,,))/G{S^). 
(a) There is a hijective correspondence between the sets 

{isomorphism classes of K -irreducible G-principal bundles over X } 

and 

\J HOM{Hn,G)l{NK{Hn) X G) 

where the union is over K -conjugacy classes of subgroups Hn < K of index 
n, and the NxiHn) x G -action is given by 

(1) {p{u,9)){h): =g-'p{uhu-')g 

for{u,g)&NK{Hn)xG. 
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Note that if p: Hn — !■ G is a homomorphism for some n, we use {p) to denote 
the G-conjugacy class of p and [p] to denote the NK{Hn) x G-conjugacy class of 

P- 

To conclude this section, we review the classification results for ii'-G-bundles 
given in [M], [15], and [18]. Note that A'-G-bundles are equivalent if and only if 
their associated iiT-G-principal bundles are equivalent, see [13l pg. 168] and [Mj 
pg. 257 and 268]. Hence, to classify all X-G-bundles, it is enough to classify the 
principal ii'-G-bundles. 

The following is proved in [151 Lemmas 1.1, 1.7, and 1.8]; see also Theorem 
8.3]. 

Proposition 2.5 (Classification of iiT-G-principal bundles over X). Let X he a 
completely regular topological space, let K be a compact Lie group, let p: P — > X 
he a K -G -principal bundle, and let H < K he a closed subgroup. 

(i) Let X G X^^> , the fixed point set of X. If z & p'^^{x), then there is a 
homomorphism p: H ^ G such that hz = zp{h) for each h G H. We then 
say that z G (p), denote by X^P' the set of such x G X , and P^^' the set of 
such z. Then X^P' is open in X^^' , and 

{p)eHOM{H.G)/G 

where HOM(H,G)/G denotes the set of G-conjugacy classes of homomor- 
phisms p: H ^f G. 
(ii) We have 

[p] eHOM{H,G}/{NK (H) X G) 

where Nk-p{H) denotes the subgroup {n G Nk{H) \ nX^P^ C X'^p^ of the 
normalizer Nk{H), and the Nk{H) x G-action on HOM{H,G) is that 
given in Equation]^ 
{Hi) We have 

p-i(X<«)) = ]J Nk{H) xn^.ah) P^'^ xcaip) G, 

[p]eHOM{H.G)/{NK{H)xG) 

where C'g{p) denotes the centralizer of p in G. 
(iv) If X has a single orbit type (H), then 

X = U K/Hx^,^,^^H)X(p\ 

[p]eHOM{H,G)/{NK{H)xG) 

XI K = X("^/{NKiH)/H) 

U X(py{NK:p{H)/H), 

[p\eHOM(H ,G) / (N k(H)xG) 



P = U ^ x^,^^(H) P^") xc,(p) G. 

[p\eHOM{H .,G) / (N K(H)y.G) 

Remark 2.6. In the case X = n is finite with the discrete topology, X is completely 
regular and splits into a disjoint union of orbit types. Hence, from Proposition [231 
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we obtain Theorem 12 .41 for this case. Note that Theorem 12 .41 holds for an arbitrary 
group K. 

For spht X spaces (i.e. spaces that admit a gfobal section X/K -^ X), more 
general classification results have been recently proven in jlQI . For a generalization 
to the case of K an X-groupoid, see [TT . For the case oi K a. groupoid and G a 
group, that is of the Mackey range, see [H pg. 270]. 

3. Functional Equations for Quotient Orbifold Wreath Symmetric 

Products 

3.1. Generating Functional Equation for F Extensions. In this section, we 
extend the generating functions of extensions of multiplicative invariants for wreath 
symmetric products in [T5] to the case of orbifolds that admit a cc-presentation. In 
particular, Theorem l3 . 31 corresponds to [TS", Proposition 5-4]. For specific choices of 
F and Lp, the formula in Theorem l3 . 3l specializes to particularly interesting examples; 
see Section [321 

By a multiplicative orbifold invariant, we mean a function ip defined on a subclass 
of Morita equivalence classes of orbifold groupoids such that 

ip{g xH)^ ^(GMn) 

where QxHis a, product groupoid; see (THl page 123]. Examples include the (usual) 
Euler characteristic x of the orbit space and the Euler-Satake characteristic xes, 
see [5]. We are particularly interested in multiplicative orbifold invariants defined 
for all orbifolds that admit cc-presentations. We restrict to the case that F is a 
finitely generated discrete group to ensure that these extensions are finite. 

Definition 3.1. Let if he a multiplicative orbifold invariant, and let F be a finitely 
generated discrete group. 

(«) The T -extension ip^ oj Lp is defined by 

PT (M yiG) := ^ p [m^^'^ x Cg(P) 

(e)£HOM(T,G)/G 

where {0) ranges over conjugacy classes of homomorphisms from F to G 
and tp (M<^> x Cg{0)) is taken to be zero when M<^> = 0. 
(m) Let _ff < F be a subgroup of finite index, and let (F/iJ) denote the iso- 
morphism class of the F-set T /H . The (F/7J)-extension of a multiplicative 
orbifold invariant p> is defined by 

ip(v/H){M X G) := ^ ip (m^p^ X Auip!g 

[p]eHOM{H,G)/{Nr{H)xG) 

Here, [p] ranges over {Nr{H) x G)-orbits of homomorphisms from H to 
G where the action on p G HOM{H, G) is that of Equation [TJ As well, 
Pp-. Pp = TXpG ^ T/H is a F-irreducible G-principal bundle, and Aut^^Q 
is the automorphism group of Pp described in [18' Theorem 4-4] and re- 
called below. 

If M X G is a cc-presentation of the orbifold Q, it follows from [T) Theorem 3.5] 
that 

y M<«> X Gaie) 

(e)eHOM(T,G)/G 
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is a presentation of the orbifold of F-sectors of Q defined in j6l Definition 2.3]. 
As the F-sectors of a closed orbifold consist of a finite disjoint union of closed 
orbifolds by '^, Lemma 2.9], A/^^^ xi Cg{0) = for all but finitely many elements 
of HOM(r, G)/G so that tfy is finite. That (fy is multiplicative is a consequence 
of [H Proposition 3.2]. In particular, when ip is equal to the Euler or Euler-Satake 
characteristic, the definition of xr and Xr'^ given above coincides with that of [8]. 
Note that by [HI Theorem 4-4], AuIyIq is isomorphic to the quotient H\Tp 
where Tp is the isotropy group of p in Nr{H) x G with respect to the action 
given in Equation [TJ Using this identification, the action of Auip^^. on Af ^''^ is 
given by H{u,g)x = gx as in [18( Proposition 5-3]. In particular, as H has finite 
index in F and G acts locally freely, the action of each AuIy-q on M^p'^ is clearly 
locally free, and hence presents an orbifold. As in the case of G finite, when 
H = r, the iVr (F)-action on p: F -> G is absorbed by conjugation by G. It follows 
that HOM{H,G)/{Nr{H) x G) == HOM{H,G)/G and Aut^'_Q = Cg{p), so that 
^{r/H) = ^r- That (p(r/H) is in general finite follows from the following. 

Proposition 3.2. Let T be a finitely generated discrete group, and let M >i G be a 
cc-presentation of the orbifold Q. Let H <T be a subgroup of index n. Then for a 
multiplicative orbifold invariant ip, we have 

nr/H)iM X G) = Y. ^ ((M")^^> >^ ^G(5„)(^)) > 

(r)e7r-mr/H)) 

where n: HOM{T,G{Sn))/G{Sn) — >■ HOM{T,Sn)/Sn denotes composition with 
the obvious homomorphism G{Sn) — >■ Sn and HOM{T,Sn)/Sn is identified with 
the set of isomorphism classes of T -sets of order n. 

The proof is identical to [151 Proposition 6-1] and hence omitted. 

When M X G is a cc-presentation of the orbifold Q, the nth wreath symmetric 
product MG{Sn) of Q is the orbifold presented by M" x G(5„) where G(5„) is 
the wreath product as in Remark l2.3l and the action of ((51, . . . ,5„), s) € G(5„) on 
{xi,. . . ,Xn) e M" is given by 

((51, . . . ,5„), s){xi, . . . ,x„) = igiXs-i(i), ■ . ■ ,g«a;s-l(n))■ 
The proof of [IHJ Proposition 5-4] extends directly to this case; we recall it briefly. 

Theorem 3.3. Let T be a finitely generated discrete group, and let M ><\ G be a 
cc-presentation of the orbifold Q. For a multiplicative orbifold invariant ip. 



^ g>r (A/" >^ G(5„)) - n 

n>0 {H),[p\ 



J2 q^^^"^''V ({R&>r ^ Aut^-_^{Sn) 



n>0 



where the product runs over all conjugacy classes (H) of subgroups ofT of finite in- 
dex and all elements [p] of HOM{H, G)/{Nr{H) x G), and Pp is the V -G -principal 
bundle corresponding to p by Theorem \2.4^ii). 



Proof. A homomorphism 0: F — > G(5„) corresponds by Theorem I2.4f z) to a F- 
G-principal bundle Pg over n = {l,2,...,n}. Such a bundle decomposes into a 
finite collection of F-irreducible G-principal bundles over the F-orbits in n, each 
identified with T/H for some H < T with finite index. Each irreducible bundle 
then corresponds to an element of HOM{H, G)/{Nr{H) x G) by Theorem [2^ n). 
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Let r{H, p) denote the number of F-irreducible G-principal bundles whose isomor- 
phism class corresponds to p: H ^ G in the decomposition of Pg. Note that 
E(«).[p]|r/i?|r(il,p) = n. 

By the results detailed in [18, Sections 3 and 4], which hold for all groups G, 

^r(Af" X G{S„)) = E nn ^r ((!/<") )'-(^''') x ^<!c('5r(H,p)) 

r{H,p){H) [p] 

where the sum over r{H, p) is over all sets of non- negative integers such that 
'^(H) \p] \^/-^\ ^i^j p) = n. Taking the sum over n and rearranging terms yields 

n>0 (H) [p] r>0 

O 

3.2. Examples: The Euler and Euler Satake Characteristics. In this sec- 
tion, we detail some examples of Theorem 13. 31 for orbifold invariants. In particular, 
we consider the standard Euler characteristic x{M/G) and the Euler-Satake char- 
acteristic XEsiMxiG), extending [TSl Theorems 5-5 and 6-3] to the case of orbifolds 
that admit a cc-presentation. 

We first consider the F-extension xr of the usual Euler characteristic xiMxiG) — 
x{M/G) given in Definition 13.11 The following is needed for the case of T abelian, 
see [m Lemma 6-2]. 

Lemma 3.4. Let T be a finitely generated abelian discrete group, and let M x G 
he a cc-presentation of the orbifold Q. For any subgroup H <T of finite index in 
r we have 

X(T,H){M X G) = Y. ^ {^^'^ ^ ^g(p)) = Xh{M X G). 

{p)eHOM{H.G)/G 

Proof. By Definition 13.11 

[p]eHOM(H,G)/{Nr(H)y.G) 

As r is abelian, HOM{H,G)/{Nt{H) x G) = HOM{H,G)/G, and 

Aut^^_^ = rxpCGip), 
for p e HOM{H, G) by [18, Equation 4-4]. Thus we have 

X(T/H){M X G) = E X (m^"^ X Aut%) 

{p)eHOAI{H,G)/G ^ ' 

E x(M<''>x(rx,GG(p)) 

{p)^HOM{H,G)IG 

Hence, if {7^} is a set of representatives for the cosets -ff\r, we have 
rx,GG(p)-UW7,)CG(p)}. 
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Recalling that the action of Auip^^ on M'^p^ is given by H{u,g)x = gx, the image 
of the natural injection i : F — !> (F Xp Caip)) acts trivially on M^p^ . Therefore, 

A&^ /{T XpCaip)) ^ M^P^ ICg{p), 
and so 

X (a&^ X (F Xp Cg{p))) - X {m^'^ X Cg{p)) , 
from which the result follows. D 

With this, we have the following. 

Theorem 3.5 (F-Extensions of the Euler Characteristic). Let F he a finitely gen- 
erated discrete group, and let M yi G he a cc-presentation of the orhifold Q. For 
the multiplicative orhifold invariant x, we have 

(2) ^(z"xr(A/"xG(5„)) = n [(1 -?'■)" ^<"'-''''"'"'^'*'''"''^ 

n>0 r>l 

where (Hr) runs over the T-conjugacy classes of suhgroups ofT of finite index r. 
If F is abelian, then 



(3) E9"^r(Af" X G(5„)) = [] [(1 - <z'r ^"^ ^"'^ 



(MxG) 



where Hr runs over all subgroups ofT of finite index r. 
Proof. By Theorem 13. 3[ we have that X)n>o '^" Xr(Af" x G(5„)) is given by 
J2 <r Xr(M" X G{Sn)) = n E 'l^^'"^'' ^ ((M^"))- x Aut^^_^) , 

n>0 (H),[p\ r>0 

where the product ranges over F-conjugacy classes {H) of subgroups i? < F of 
finite index as well as {Ny{H) x G')-orbits [p] of homomorphisms p G HOM{H, G). 
By MacDonald's formula [51 Theorem 5.2], we have that this is equal to 

iH),lp] r>l 

where (Hr) ranges over the F-conjugacy classes of subgroups of finite index r in 
F and [p] ranges over (iVr(i?r) x G)-conjugacy classes of homomorphisms. Noting 
that the last summation over [p] yields exactly X{r/Hr.){M x G), Equation[2]follows. 
Then Equation [3] follows from Lemma [331 D 

For the Euler-Satake characteristic xes{M x G) (see [5]), define Xp'^(M x G) 
to be the corresponding F-extension defined in Definition 13.11 Then we have the 
following. 

Theorem 3.6 (F-Extension of the Euler-Satake Characteristic). Let F he a finitely 
generated discrete group, and let M YiG he a cc-presentation of the orhifold Q. For 
the multiplicative orhifold invariant Xes{M x G), we have 



(4) J2 9" xF^(M" X G(5„)) = exp K] ^ 

n>0 \n>l 



J2 X^'iM x G) 

H<r:|r/_ff|=n 



FUNCTIONAL EQUATIONS FOR ORBIFOLD WREATH PRODUCTS 



Proof. We follow the proof of [HI Theorem 5-5] ; the main modification is in using 
orbifold covers to avoid dealing with infinite orders of G and its subgroups. 
By Theorem 13.31 we have 



iH).M 



n>0 



E 1^^^"^''XES {iM^'^r X Au4^_^iS„ 



By [m Theorem 4-2], the index [Aut^'_Q : Caip)] is given by \NP{H)/H\, which is 
finite, so that 



It follows that 



[Aut^^_^iS„) : Cg(p)(5„)] = \NP{H)/Hr. 



(M^"))" X Cg(p)(5„) -^ {M^P^r X Au4^_aiSn) 



is an orbifold cover of |A^p(i/)/i?|" sheets, so that by |201 Proposition 13.3.4] and 
[51 Lemma 2.2, Theorems 2.3 and 5.11], we have 



n 

{H).IP] 



n>0 



(^{M(p^)^ y< Autr'.a{Sn)) 



n 

(ff),[p] 



,|r/if|r. 



E TW^mTHl^. XES (Mip^ >> Ca{p)y 



n>0 



n exp nvWm XB5 (M^") X Cg(p)) 

{H),[p] LI rV 



= exp 



V- r! Y- ^ |r/JV^(g)| xgs(M<''>>^CG(p)) 

n>l (H):\T / H\=n [p] i ' '^ 'H ^^ " rV t\\ t\ n i 



exp 



E?" E 

n>l (H):\T/H\-. 



\Nr{H)/ 



hTm^^'^s{M'^p^^CG{p)) 



ip) 



In the last equation, note that we switch from summing over Nr{H) x G~conjugacy 
classes [p] of p: H ^t G to G-conjugacy classes (p), and the 7Vr(-ff)-orbit of p has 
\Nr{H)/N^{H)\ elements. Then as the final sum in the last expression is the def- 
inition of Xh^ [M^p'^ X Caip)), and each conjugacy class (iJ) contains \r/Nr{H)\ 
elements, this is equal to 



exp 



n>l H:\r/H\=n 



exp 



E^ E X^HMy^G) 



n>l H:\r/H\: 



D 
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3.3. Extensions Associated to General F— Sets. In this section, we extend 
Definition 13.11 to include extensions of multiplicative orbifold invariants associated 
to arbitrary finite F-sets where F is a finitely generated discrete group. This extends 
the definition given by |18| Equation 6-13]. 

Definition 3.7. Let X be a finite F-set of order n and (f a. multiplicative orbifold 
invariant. The extension of if associated to the F-isomorphism class [X] of X is 
defined by 

^[x](AfxG) = j:^p^x^^{S[PpXGM]^yoAutP_^) 

where the first sum is over all isomorphism classes of F-G-principal bundles over 
X, TT is as in Proposition [321 and '^[Pp ^G M]^ denotes the F-invariant sections. 

As in the case of G finite, Theorem [2m i) implies 
(5) Y. «"" f[x] {MxG)^ Y.1" ^r (M^ xi G(5„)) , 

[X] n>0 

where the first summation is over all isomorphism classes of F-G-principal bundles 
over finite F-sets X. For a finite F-set X, let X = Y[(h) '''{H)T / H be its decomposi- 
tion into F-orbits where {H) ranges over conjugacy classes of isotropy groups, r{H) 
is the number of F-orbits which are isomorphic to T/H, and r{H)T / H denotes the 
disjoint union of these r[H) isomorphic F-orbits. Then for a multiplicative orbifold 
invariant (p, we have 

(P[X](MXG) = W^r{H){T/H){M >iG). 

Combining this with Equation [5] yields the following interpretation of Theorem l3.3l 
in terms of F-sets, which coincides with [18l Proposition 6-9] for the case of G 
finite and follows its proof. 

Theorem 3.8. Let T be a finitely generated discrete group, and let M 'A G he a 
cc-presentation of the orbifold Q . Let ip be a multiplicative orbifold invariant and 
let X be a finite T-set. With the notation as above, 



(6) Y. 9'>r (Af" X G(5„)) = [] [J2l''^^^"^^r(r/H){M x G) 

n>0 (H) \r>0 

The generating function of ^PrlTIH) is given by 



(7) Y l" ^rir/H) (M X G) = HE «> [iM^'^r x ^<-g 

n>0 [p] r>0 

where the product over [p] again ranges over HOM{H, G)/{Ny{H) x G). 
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Proof. Letting Ph denote the restriction of a F-G-principal bundle P ^ X to 
r{H){T/H), Definition EJ] becomes 

[P^X] (H) ^ 

= n E "^ (s[Ph xg my X Aut^^a) 

(H) [Ph] ^ ' 

= n 'Pr{H){r/H) {M X G) , 

where the sum over [Ph] ranges over the set of ah isomorphism classes of F-G- 
principal bundles over the F-set r{H){T/H). Equation [6] follows. The proof of 
Equation [7] is analogous to the proof of Theorem 13.31 and continues to follow [181 
Proposition 6-9]. D 

3.4. The i/— Inertia. In this section, we give a generalized sector construction 
interpreting the extensions of multiplicative orbifold invariants associated to tran- 
sitive F-sets r/H as evaluation on sectors. 

Recall from Equation [1] that the action of Nr{H) x G on HOM{H,G) is given 

by 

[p{u,g)]{h): ^g-^p{uhu-^)g, \^p e HOM{H,G). 

As noted in Subsection 13.11 if Tp denotes the stabilizer of p G HOM(H, G) in 
Ny{H) X G, then AuI-^Iq is isomorphic to H\Tp, and the action of AuIj^Iq on M^f^ 
depends only on the G-factor. Let 

[p\eHOM(H ,G) / (Nr(H)xG) 

Then A is an orbifold groupoid, and ^(t/h) is the application of Lp to the groupoid 
A. 

As noted in the proof of Lemma [3.41 when F is abelian, Ny{H) — F and Tp = 

T Xp Gg{p), so that Aut^:^. = H\{T Xp Gg{p)) and HOM{H,G)/{Nr{H) x G) = 
HOM(H, G)/G. Therefore the associated groupoid A reduces to the product (M x 
G)^ X H\T, where (M x G)^ is the groupoid of F-sectors. When in addition H = r, 
Autp^Q = Gg{p) so that A reduces to the groupoid of F-sectors. 

In general, if _ff = F we claim that each connected component of A is isomorphic 
to a F-sector of M x G, possibly with different multiplicities. In this case we have 
NriH) = F, Tp = F Xp Gg(p), and Autp^^ = Gcip)- Then 

A= [] [M<P^ X Gg{p)], 

[p]eHOM{H,G)/{Nr{H)xG) 

and hence that each [p] corresponds to a union of F-sectors; see 0. As 

H [A&^ X Cg{p)] 

(p)eHOM{H,G)/G 

presents the orbifold of F-sectors, we see that A simply identifies F-sectors that 
are isomorphic via an element of Nr{H). 
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4. Decomposable Functors and Wreath Products 

In this section, we assume the orbifold Q is a global quotient orbifold of the form 
M yi G where G is a finite group. We use a modification of a formal functorial 
functional equation of Dress and Miiller [5] for decomposable functors to determine 
a relationship between Xr ^^"^ Xn^/H)- ^^te that we modify their approach to 
replace counting functions for finite sets with functions related to the invariant xes 
as defined below. We follow the notation of [F, Section 1]. 

Fix a global quotient orbifold M x G and a finitely generated discrete group F. By 
Theorem 12. 4[ there is a bijection between the isomorphism classes of F-G-principal 
bundles over F-sets of order n and the conjugacy classes of homomorphisms into the 
wreath product G(iS„), i.e. elements of HOM{T,G{Sn))/G{Sn). Given a homo- 
morphism 6': F — > G(5„), we let Pjg) denote a representative of the corresponding 
isomorphism class [P{e)] of F-G-principal bundles. 

Definition 4.1. Fet Ens denote the category with finite sets as objects and bijective 
mappings as morphisms, and let Ens denote the category with finite sets as objects 
and injective mappings as morphisms. For a fixed finitely generated discrete group 
F and finite group G, define the covariant functor 

J-r,G '■ Ens — > Ens 

by assigning to the finite set J7 (which is given the discrete topology) the finite set 
of F-G-bundles over ft. We adopt the convention that J-r,G(0) consists of a single 
"empty bundle" corresponding to the trivial homomorphism from F into the trivial 
group. 



Consider the functors 

J'r,G X J'r,G '■ Ens^ -^ Ens^ -^ Ens —^ Ens 



„2 -^r.G „^2 



and 



Jr,G X U : Ens^ ^ Ens ^ Ens -^ Ens 



where x is the Cartesian product functor, U is the (disjoint) union functor, and 
I is the natural inclusion functor. That is, Jt,g x Jt,g(^1;^2) is the finite set 
of pairs {Pi,P2) where Pi G Jt,g(^i) is a F-G-principal bundle over ili and 
P2 G -7t,g(^2) is a F-G-principal bundle over ^2, and (Jt,g x U)(i7i,J72) is the 
finite set of F-G-principal bundles in Jt,g(^i ^^2)- 

Define a natural transformation r/: -Fr.o x J-r,G — ^ -^f.g x U as follows. To each 
pair (r2i, ^,2) of finite sets, we assign the morphism 

(-^r,G X J-r,G)(^i,^2) ''"^'' (^r,G x U)(r!i,f]2) 

such that ??(Oi,n2)(-f'i'^2) = [Pi U P2] as a F-G-principal bundle over fii U ri2- It 
is straightforward to show that 77 is a weak decomposition of the functor Jt,g as 
defined in ^5] page 192]. As well, define 



r,G ^ 



J-^c(^)^ U 77(J-r,G(/) X J-r,G(J)), ^7^ 



I''^Q{il)^i '' iuj=n]i^tii^j 



n 



Then J^pg,(f7) is the collection of irreducible F-G-bundles over J7. 

Recall that n denotes the set {1, 2, . . . ,n}. Given a pair (Pi, P2) of F-G-principal 
bundles over r and s, respectively, choose homomorphisms 9i G HOM{T,G{Sr)) 
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and 02 e HOM{T,G{Ss)) such that Pi ^ P^g^-) and P2 = P{e^)- Then the T-G- 
principal bundle V{ni.n2){P{ei)7 P{e2)) corresponds to the homomorphisni 6: T ^ 
GiSr) X GiSs) < G{Sr+s) given by ^(7) = 01(7)^2(7), where ^1(7) and ^2(7) are 
considered elements of the first and second factors, respectively, of G{Sr) x G{Ss) < 
G{Sr+s)- Note that the fixed point set of 6 in Af^^ is 

(8) (Af +^)<^> = (AF)<'^i> X (AF)<^^>. 

The sets in Equation |5] of course depend on the choice of 61 and 62, but their 
diffeomorphism-type depends only on the corresponding conjugacy classes and 
hence on the isomorphism type of the bundles Pi and P2- 

For a global quotient orbifold Af x G where Ai^ is a closed manifold, define the 
functions 



by setting 

^X((M")W), and 



K^X((M")W). 

Of course, if (A//")<^> = 0, we let the associated term be 0. Note that x ((A/")<''>) 
depends only on the conjugacy class of 9 so that both functions are well defined. 
As a convention, we set cjx^ j^.j y^uiO) — and '!/'r,MxiG(0) — 1- 
Define in addition the formal power series 

„ri n 

*(9) = XI "^r.MxGC");^ and *(g) = ^ i^r,My>G{n)-^. 

n>0 ' n>0 

The G(5„)-conjugacy class (6*) of 6*: T ^ G(5„) contains \J^^f"^\i)\ = \Ca(L'^(e)\ 
elements. Hence, 

= El^ E E j^x{iM-Y^>) 

n>0 (e)G-ffOAf(r,G(5„))/G(S„) re(e) 
^ ■n\ l^ I |CG(S„l(e)| J \G\^X\V^^ ) ) 







^F.MxgN 


E 


ipr,M>'iG(n) 


E 



(9) 



n>0 (6l)e_ffOAf(r,G(5„))/G(S„) 

n>0 (e)eHOA/(r,G(5„))/G(5,.) '-'^"'^ 

= E?" E XiJs((M")<'>xGG(5„)(^)) 

n>0 (6l)e_ffOAf(r,G(5„))/G(S„) 

= E 9"xF^(MG(5„)). 

n>0 
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The same computation shows that 

n>0 {e}eHOMi^,G{S„)y/G{S,^) 

where HOM{T,G{Sn)Y /G{Sn) denotes the conjugacy classes [6) of homomor- 
phisms such that the image of tt{9) acts transitively on n, or equivalently such 
that P(e) is irreducible. As isomorphism classes of finite, transitive F-sets corre- 
spond to conjugacy classes of subgroups H <T oi finite index, this becomes 

«>o (ff„) (e)G7r-i((r/ff)) 

where the second sum ranges over all F-conjugacy classes (i?„) of subgroups i?„ < F 
of index n and tt : HOM{T, G{Sn))/G{Sn) -^ HOM{T, 5„)/5„ is as in Proposition 
by the same Proposition, this is equal to 



(10) *(g) = E9" E xfr%)(A^G(5„)). 

n>l (H):[T:H]=n 

We are now ready to prove the following. 

Theorem 4.2. Let T be a finitely generated discrete group, let M be a compact 
manifold, and let AI x G be a presentation of the global quotient orbifold Q so that 
G is finite. Then with the definitions given above, we have 

*(<j)=exp($(g)), 

i.e., avvlvina Eauations \10\ andlU. 

(11) E '7"xF^(A/G(5„)) ^ cxp [ E 9" E xfr%)(MG(5„)) 

n>0 \n>l {H):[r:H]=n 

Proof. This result is an analog of [5j Equation (1.6)], which is proven for an arbi- 
trary decomposable functor T, but defining the functions 0r,MxG and ipr,M>oG to 
be the counting functions for finite sets. Here, we illustrate that Dress and Midler's 
arguments apply to extensions of the Euler-Satake characteristic as defined above. 
Their proof of this result is separated into parts (i), (iii), (iv), (v), (vii), (viii), and 
(xi); only (xi) refers to the counting functions (note that (ii), (vi), and (ix) are used 
to prove a separate result). As our functors Jt.g and J-'^ g ^^^ special cases of 
theirs, their results apply and we need only verify (xi). 

By [51 (vii) and (viii)], for any finite set il and any fixed element lj G 51, we have 

-Fr,G(^) = U viJ'rM^i) X •^r,G(^ \ ^i)), 

and the right-side of this equation is a disjoint union. As each 77(sij_n\ni) is injective, 
we can use this decomposition. Equation [S] and the multiplicativity of x to rewrite 
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i/'r,MxiG(") as 

E ^x((M")W) 

P(8)eJ^r,G(n) 

= E E E ^x((M")<''^'^>) 

= E E K^x((M^)^'^0 

nuiGaiCn P(,^)e;^^c(ai) 

P(e2)e^r,G(n\Oi) 

(where /i is the cardinahty of J7i) 

r2i:lGf2iCn 

In particular, the expression 0p jv/xG(/^)^r.MxiG('T^ ~ m) depends only on the cardi- 
nality of fli. For each /i with I < fi < n, the ("l}) subsets of n of cardinality fi 
containing the element 1 contribute ("2j^)(/)p j^.j y^Q{n)ipr.M »g{^ ^ Z^)? and 

V'r,MxGH = X! ( _i )<^r,M>^G(A')V'r.MxG(n-M) 
for n > 1. Multiplying both sides by q'^~^ /{n — 1)! and summing over n > 1 yields 
E (|rT)TV'r,M>jGH = E (1^1)1 E ClD'^^.Af >.G(A^)V'r,Af >,g(»^ - m) 

n>l n>l /J.— 1 

n 

= E 9""^ E (^-i)!^(„-^)! 0r,MxG(M)V'r.MxG(?t - m), 

and hence 

vl/'(<z) = $'(g)vl/(q). 

By \E''(g) and $'(?), we mean the formal derivatives of the corresponding power 
series. Recalling that V'r.A/ xig(0) — 1 and (/>p m>![g(^) ~ ^' ^^® claim follows. D 

For example, note that if F is trivial, then the only irreducible F-G-principal 
bundles occur over singletons. Hence, the only nonzero term of the sum over n on 
the right-hand side of Equation [TT] is that corresponding to n = 1. As xfui) — Xes 
is clear. Equation [TT] becomes 

^ q'\Es{MG{S„)) = exp {qXEs{M X G)) , 

n>0 

yielding Tamanoi's expression of MacDonald's formula [TF, Equation 2-10] for the 
Euler-Satake characteristic. 
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